AIAA JOURNAL
Vol. 41, No. 6, June 2003

Optimal Control of Laminated Shells Using
Piezoelectric Sensor and Actuator Layers

M. C. Ray*
Indian Institute of Technology, Kharagpur 721 302, India

A simple method for optimal control of vibrations of simply supported thin laminated shells integrated with
piezoelectric layers is presented. The piezoelectric layers act as the distributed sensors and actuators. Coupled
electromechanical governingequations of motion are derived using Hamilton’s variational principle. The algorithm
for a linear quadratic regulator with output feedback has been employed to formulate the optimal control problem.
Controlled responses for various design parameters are illustrated, and a study of the effect of variation of the
central angle subtended by the shell on the performance of the actuator is presented.

Introduction

HE design of space structures, robotic manipulators, and the

like requires the development of high-performinglightweight
structures because of the stringent consideration of weight. The
lightweight structures inherently possess low internal damping and
higher flexibility and are susceptible to large vibrations with long
decay time. Such structures require suitable integration of the ac-
tive control means to show better performance under operation. The
quest for the development of high-performing lightweight struc-
tures has led to the emerging idea of providing these structures
with self-monitoring and self-controlling capabilities. Expediently,
it has been found that the piezoelectric materials integrated with
the flexible structures can act as distributed actuators and sensors
and are able to provide these structures with self-monitoring and
self-controlling capabilities. Consequently, the use of piezoelectric
materials as distributed sensors and actuators has attained a great
deal of importance for the purpose of active control of vibrations of
beams, plates, and shells.!~?

Itis well known that the design of an optimal controlleravoids the
task of arbitrarily finding the gain of the controllerto meet the design
objective and overcomes the problems of instability and actuator
saturation?® The linear quadratic regulators (LQR) with either full-
state feedback or output feedback are the most effective and widely
used modern optimal controllers. Although the LQR with full-state
feedback has some important guaranteed robustness properties in
comparison with the LQR with output feedback* it is difficult to
measure all of the states of highly distributedsystems like plates and
shells. For such highly distributed systems, the implementation of
the linear quadratic control with output feedback may be the most
feasible means for optimal control.

A literature survey reveals that the issue of the optimal control
of flexible structures using piezoelectric actuators and sensors has
not been addressed in abundance and is only concerned with beam-
andplatelikestructures !%12:14-1317.18 Tn many practical applications,
we often encounter circular cylindrical shells that are not complete
in the circumferential direction. This paper focuses on the optimal
control of vibrations of these types of laminated shells using dis-
tributed piezoelectric sensors and actuators. A simple method of
exact solutions for linear quadratic control with output feedback is
presented.
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Plant Model

Figure 1 demonstrates a laminated circular cylindrical shell inte-
grated with piezoelectriclayers on its top and bottom surfaces. The
top piezoelectriclayeracts as the distributed actuatorand the bottom
one as the distributed sensor. The overall structure is an N-layered
laminated shell with lengthwise side a and circumferential length
b. The central angle subtended by the circumferentiallength of the
shell is 6, and the average radius of curvature of the shell is R.
The shell considered here is thin and symmetric about its midplane.
Hence, the classical shell theory can be employed to model the kine-
matics of deformations of the shell. Thus, the displacements u and
v at any point in the shell along the x axis and the circumferential
axis y, respectively, are given by

ow
0x

u(x,y,z) =up(x,y) —z (1a)

z ow
v(x,y,z) = <1+E>v0(x,y)—z (1b)

ay

where uy and vy are the midplane displacements along the x and y
axes, respectively, and w is the displacementin the radial direction
z, which is constant across the thickness of the shell. The surfaces
of the piezolayers that are in contact with the laminated shell sub-
strate are suitably grounded. Thus, the electric potential function
¢" for the actuator layer that yields zero potential at its interface
with the substrate, as well as linear variation across its thickness, is
considered as*?

N (x,y,z,8) = (2 — hy/h,)PY hye1 > z>hy (2)
where ¢ is the generalized electric potential coordinate and %, is
the thickness of the actuator layer.

The quasistatic constitutive equations for the piezoelectric mate-
rial are®
k=1 N

{D*} = [e]"{€"} + [eHE"), and

{o%} = [C']{€"} — [elE"), k=1 —and N (3)
and the constitutiveequation for the orthotropic material of the shell
substrate is given by
{o*} = [C*{e"}, k=23,...,N—-1 )
where for any layer k the vectors {D*}, {E*}, {o*}, and {€*} are
the electric displacements, electric field, stress, and strain vectors,
respectively. The matrices [e], [¢], and [C*] denote the piezoelectric,
dielectric,and elastic constant matrices of the kth layer, respectively.
By the use of Eq. (1) and the application of Donnell-Mushtari

shell theory, the strain displacementrelations for the kth layer of the
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Fig. 1 Shell configuration.

shell can be written as

e,\'U k,\'
=10 p-21% (5)
€10 kyy
in which
dug dvy w ouy v
€x0 e o = o 0 €xy0 =7 e
ax ay R ay ax
TN RS O R S
x2 T 9y? R 9y 9xdy R ox

o X =x,y,zk=1, N (6)

The potential energy T, of the shell can be written as?

1 N hiy1 pb o pa
T”ZEZ/h /U /U{e"}T{a"}dxdydz
k=1 k
1 hic 41 b a
- Z/ //{E"}T{Dk}dxdydz
2k:1.N hic 0“0

b a
—/ / p(x,y, Hwl:—p,,, dxdy
o Jo
b a
+/ / o(x,y,0¢"|._,,,, dxdy (7
o Jo

and the kinetic energy 7} of the shell is

1 N ki1 b pa
Tk=52/ //pk(uz-i—i)z-i—wz)dxdydz (8)
k=1"Yhk 0 0

where p(x, y, t) is the applied load in the radial direction z, 7 (x, y,
t) is the externally applied surface charge density, p* is the density
of the kth layer, and each dot over a quantity represents the deriva-
tive of that quantity with respect to time ¢. The piezoelectric layer
considered here is made of a biaxially polarized polymeric material
called polyvinylidene fluoride (PVDF). The matrices [e] and [¢] for
this piezoelectric material are given by*

0 0 000 en 0 0
[e’=10 0 0 0 Of, el=[ 0 en O | (9
€3] €3] 0 0 0 0 0 11

Note here that, in the absence of an externally applied electric field,
the converse piezoelectriceffect in the sensor layer due to its defor-
mation is negligible and is not considered in the evaluation of the
total potential energy.

Using Egs. (1-6) and (9) and carrying out the explicitintegration
with respect to z, one can express Egs. (7) and (8) as

1 b a
T, = 5/ / {A11 €2,+2A1, €,0€,0 +Ax eio
0 0

+A66 ef’yU +D11k§ + 2D12k1\,ky + Dzzk}z, + Déék,%y

(6,\’0 + eyU) - (hN+1 + hN)(kv + ky)¢N
0

+ 2e3 >
2 2
811 (¢ ) 1 e 3¢(§V + 3(;5(1)\/
hy, \'0 3| {5y 3y
—2pw+2c_r¢év}dx dy (10)
au auw)’
T, = my (62 +0?) + my02 + 1| — +1 dx dy
0x By
(1D
where
N N 1
Ay=) (i —h)Ch D=3 (k) —R)Ch
k=1 k=1
N N 1
Zzpk(hk+l_hk)s 1=Z§pk(hi+l—hi)

k=1 k=1

By application of Hamilton’s variational principle,

n
(T, —T,)dt =0 (12)
n
the following coupled electromechanical governing equations of
motion are obtained:

n 9%u, T )Bzvu N 1 0w
"2 2T 0y PR ax
9%u ol
+Ass—— - + €3 - —myig =0 (13)
ay? ox

(A, + A )Bzuo -
12 66 axa
(D 42D ) 3w Dy, [ Pw 1 3%y,
2 79x2y R \ 8y? R 0y?
N

0
+e31<1+—<hN+1+hm>iy—mzvo—o (14)

A12 8M0+A22 8U0+ +D 84 +2(D +2D ) 84w
R ax R \ dy e 2 067 9x29y2

+ LD, 42D Yy p (LW L3P | e
R " “ax2ay 2\ 9yt R 9y R
°¢y 3¢y

dx2 ay?

1
_5631(1/1N+1 +hN)<

LA (15)
v ax2  0y? e



Aug . vy . w 1 h ) 9%w . ?w 1 9y,
ey|l—+—+—=] —=¢ —_—t—
MNox "oy RS 27NV G2 T 8y2 R oy

11 N 1 824)(1;] 824)(1;] =
_h—p% +§E“h”<ﬁ+8_yz +0=0 (16)

The variational principle also yields the following simply supported
boundary conditions:
1) The essential boundary conditions are

ow _ v (172)
Vo =W = — — = a
0 ay 0
atx =0 and a, and
ow N
upy=w=—=¢, =0 (17b)
0x

at y=0and b.
2) Natural boundary conditions at the edges x =0 and a are

ou vy w
Ap—+Ap|—+ =) +end) =0
11 o 12( 3y R) 631%
D 92w D 92w 1 dv, 1 * th )¢N 0
—_— ——— ] — —e =
nys 12 3 R dy 531+ NP
(18)
3) Natural boundary conditions at the edges y =0 and b are
au() Bvo w D12 82w
Ap—+Ap| —+—= ) ———
Crra 22<8y * R) R ox2
D22 32w 1 aUU N
——— = =0
R <8y2 Ray ) Tt
9w 3w 1 vy, 1
D Dp| — ——=— ) —=e51(h +hy)eY =0
12 ox2 22( 3y R 9y 2631( N+1 N)%

(19)

The surfaces of the piezoelectriclayers are fully electroplated and
can be treated as capacitors with the piezoelectric layer as the di-
electric medium between these parallel surface electrodes. Thus,
the uniform voltage V across these parallel electrodes due to the
applied surface charge density ¢ on one of the electrodes, with the
other electrode being grounded, can be given by'®
V =0ab/C, (20)
where C, is the capacitance of the piezoelectric actuator layer.
Following Navier’s method, the unknown displacement variables
Uy, Vo, w, and the generalized electric potential coordinate ¢(’JV are
expressed in the following double Fourier series representations:

up(x, y, 1) = Z Z U, (t) cos ax sin By

m=1n=1

vo(x, y, 1) = Z Z V,un (2) sinax cos By

m=1n=1

wx,y, t)= Z Z Wun (t) sinax sin By

m=1n=1

Sy )= Y B, () sinaxsin By

m=1n=1

2D

in which « =mm/a and g =nn/b; U,,(t), V,.(t), and W, (t);
and ®,,,(¢) are the unknown temporal functions to be determined
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such that the governing equations are satisfied at any point in the
continuum. It is evident that these expressionssatisfy the boundary
conditions given by Eqgs. (17-19). Accordingly, the load function
and the applied uniform voltage are also expressed in the same
manner as

p(x,y, 1) = Z Z Q,un(2) sinax sin By

m=1n=1

Vix,y, 1) = Z Z V(1) sinax sin By (22)

m=1n=1

where Q,,, () and \_/,,m (t) are the time-dependentmodal amplitudes
of the applied load and control voltage, respectively. Substituting
Egs. (20-22) into Eqgs. (13-16), one obtains

’;lUmn (t) + Sll Umn (t) + SIZan (t) + S13 Wmn(t)

+ 814D (1) = 0 (23)
1V (1) + 831 Uppn () + S22 Vi () + Sz Wy (1)

+ 834 @ (1) = 0 (24)
MW, (£) + 831U, (1) + S5V (2) + S33 Wy ()

+ 834Dy (1) = Qi () (25)
Su1Upin (1) + Sa2Viun (1) 4 Sz Wi (£) + Ssa @y (£)

+(C,/ab)ab =0 (26)

The various coefficients S;;, i, j =1,2, 3,4, and M appearing in
Egs. (23-26) are shown in the Appendix. When the inertias® are
neglected due to in-plane motions #, and v, the following single
governing equation of motion describing the open-loop dynamics

of the shell can be derived from Eqs. (23-26):

Wi (1) + @2, Wy (1) = [Qn (1) /M1 — K.V, (2)

2
mn

27

in which the expressions for w
Appendix.

and K. are presented in the

Sensor Output

When the sensor layer deforms along with the substrate, electric
charge is induced in it because of the direct piezoelectric effect.
This induced charge can be collected on the ungrounded exposed
electroplated surface of the sensor. According to the Gauss law,
this charge ¢ (¢) is equal to the spatial integration of the electric
displacementin the z direction over that electroplated surface, and
it can be evaluated as follows®’:

b a
q(r)=/ / D;‘ dx dy
0 0 z=h

Using Egs. (1), (3),and (21) in Eq. (28), one can express the output
charge from the sensor as

q(t) = i i Gonn (1) = i i Fpuu Wi (1)

m=1n=1 m=1n=1

(28)

(29)

where
Enn = (631/0‘/3)[1/11(052 + ﬂz) -
—(+h/R)B+ 1/R][1 — (=D)"][1 = (—=D"]

The resultingmodal currentinduced by the sensorcanbe determined
as

dqiﬂ n (t)

= Enn Wmn t
dr ©

Ima (1) = (30)
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Optimal Control with Output Feedback

To formulate the optimal control problem, the applied mechanical
load is considered to be absent and Eq. (27) is represented in the
standard state-space form as

dXx (1) ;
I =AX()+ BV, (1) (€20
where
0 T 0 Wmn
X(t) = [Wmn (t) Win (t)/wmn] 5 A=
—Wmn 0
B = [0 - Kc/a)mn]T

In the closed-loopmodel, the currentoutput from the sensor as given
by Eq. (30) is negatively fed back to the actuator. This results in
the generation of a surface charge on the electrode-coveredsurface
of the actuator, which, after uniform distribution, gives rise to a
uniform control voltage across the electrodes of the actuator layer.
Thus, in the closed-loop system, the modal control voltage input to
the actuator can be expressed as

an(t) = _Kimn(t) = _KCUX (32)

where K is the optimal gain to be determined and Cy=
[0 Enna)mn]-

Note from Eq. (32) that the feedback of the output from the sensor
generates the control law with reduced state information as mani-
fested by the output matrix Cy. Hence, the optimal control problem
turns out to be an LQR problem with output feedback. The optimal
regulationof the state may be attained by selecting the controlinput
V,.n (t) to minimize a performance index>:

J= / (XOTQX (1) + V(D 1V, (D)} dt (33)
0

where J is the cost function and Q and r the positive semidefinite
state weighting matrix and positive-definite control weighting ma-
trix, respectively. If the closed-loop plant is asymptotically stable,
thenitis well known that the minimization of the performanceindex
given by Eq. (33) leads to minimizing the cost function of the form

J =Ltr{PX0)X ()"}, P>0 (34)

in which P is an unknown symmetric positive-semidefinite matrix.
To relieve Eq. (34) of its dependence on the initial state X (0), the
problem statement is usually modified to that of minimizing the
expected value of J, that is, E(J). Equation (34) should then be
replaced by

E(J) = $tr(PY) (35)
where Y is the autocorrelationof initial state vector. In general, the
initial states are assumed to be uniformly distributed on the unit
sphere, such that Y is an identity matrix.?®

The procedure of minimization yields the following design
equations?:

ATP+PA.+CJK"RKCy+ Q=0 (36)
SAT +A.S4+Y=0 (37
K = R'B"PSCI(CosCT) (38)

wherein A.=A — BKC,. The unknown matrices P and S are
solved from Eqs. (36) and (37), and the optimal value of K is ob-
tained from Eq. (38). The following algorithm® is employed to
obtain the iterative solutions of Eqgs. (36) and (37):

1) Choose the initial value of K as —w,,, /(K F,,), such that A,
is asymptotically stable. Set i =0.

2) Solve Egs. (36) and (37) for P; and S;.

3) Evaluate AK; = R™'BT PSCL(C,SCI)™' — K.

4) Set K; .| =K, +AAK;, where X is chosen at each iteration
such that J; | < J;.

5)Seti =i+ 1, go to step 2, and repeat the process until conver-
gence is achieved.
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Results

By the use of Eq. (32), Eq. (27) is solved. Finally, by the use
of Eq. (21), the exact solution for the radial displacement w at any
point of the shell can be obtained as

oo 00 0

COoS t—a,, s t

w(x’ y, t) — § : § :eam”, ﬂmn ﬂ mn ﬂmn
mn

m=1n=1

X W,,,(0) sinax sin By 39)

where, for each combination of m and n, the real and imaginary
parts «,,,, and B,,, respectively, of the optimal closed-loop poles
are given by

2
40)}11 n

Umn = %KKcEnna ﬂmn = %
and W,,,, (0) is the initial deflection at the center of the shell. Numer-
ical results are sought for a (0/90/0 deg) laminated shell for which
a=0.5m, § =30deg, and b = a. Each ply of the laminate is made
of a graphite/epoxy composite, for which the following material
properties are used:

— K2K2F2

mn

E,=1725GPa,  E;=E;/25, G, =05E;

Grr =0.2E7, vir = vrr = 0.25, o = 1600 kg/m’

where E; and E7 are Young’s moduli, G,y and Gy are the shear
moduli, and v, and vz are major and minor Poisson’s ratios. L
and T designate the longitudinal and transverse principal material
directions, respectively. The material properties of PVDF*!8 are

adopted as

E=2x10°Pa, €3 = 0.046 C/m?

£11 = &3 = 33 = 1.062 x 1071 F/m

C,=38x10°F,  p=1800kg/m’

The thickness of each ply of the substrate is taken as 1 mm, and that
of each piezoelectric layer is 0.5 mm. The state weighting matrix
Q is considered as qw?,CI Cy /(K2 F?,), with g being the design
parameter. The typical curve in Fig. 2 demonstrates that the cost
function converges to a minimum value after a certain number of it-
erations, yielding the optimal gain form =1 andn = 1. A uniformly
distributed load of 1000 N/m? is applied statically on the top of the
shell and then withdrawn to set the shell into transient vibration

12

11 ‘\
10 |

Cost function (J/10%)
N o
-l

30 40 50

Iteration Number

70

80

20 60

Fig. 2 Convergence of cost function form=1andn =1 (g =0.01,r =
0.2,0 =30 deg,and b = a).
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Fig. 4 Control voltage for different values of ¢ (r = 0.2, 0 = 30 deg, and
b =a).
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Fig. 5 Center deflection for different values of r (¢ = 0.01, 6 = 30 deg,
and b = a).
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Fig. 6 Control voltage for different values of r (¢ = 0.01, 6 = 30 deg,
and b = a).
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Fig. 7 Center deflection for different values of central angle 6 (¢ =
0.01,r =0.2,and b = a).

with initial deflections. To test the convergence of the solution, the
contribution of the higher modes into the controlled response is in-
vestigated.Ithas been noted that the solutionsare rapidly convergent
and only the first few terms (m =7 and n = 7) of the series [Eq. (21)]
are needed for convergence. Figure 3 illustratesthe control of center
deflection. The role of design parameters ¢ and r is obvious. For a
fixed value of r as the value of ¢, that is, as the weighting on the
state increases, the initial control voltage increases (Fig. 4), and the
settling time decreases. Note from Fig. 3 that the damping factor
increases from 0.11 to 0.21 due to the variation of the design pa-
rameters. On the other hand, for a particular value of g, as the value
of r increases, the regulator takes longer time to drive the state to
zero as shown in Fig. 5. In this case, the control voltage is initially
less than that for the lower value of r as shown in Fig. 6 and the value
of damping factor decreases from 0.11 to 0.071 (Fig. 5). Figures 7
and 8 illustrate the effect of variation of the central angle, 6 sub-
tended by the shell, whereas the values of @ and b remain constant.
It can be observed from Figs. 7 and 8 that as the value of 6 de-
creases, that is, the radius of curvature increases, the actuatorneeds
higher control voltage (Fig. 8). This is because when the radius of
curvature increases, the shell becomes more flexible,** as shown in
Fig. 7.
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Fig. 8 Control voltage for different values of central angle 6 (g = 0.01,
r=0.2,and b =a).

Conclusions

This paper focuses on the derivation of a simple method for
optimal control of vibrations of thin, simply supported, laminated
circular cylindrical shells integrated with piezoelectric layers. The
piezoelectriclayers act as the distributed sensors and actuators. The
shells considered here are not full in the circumferential direction.
Coupled electromechanical governing equations of motions are de-
rived using Hamilton’s variational principle. Emphasis is placed on
obtaining the exact solutions of these governing equations while
formulating an optimal control problem. The optimal controller is
an LQR with output feedback. Controlled responses are obtained
for a shell with stacking sequence (0/90/0 deg), and the role of var-
ious design parameters has been studied. Also, an attempt has been
made to demonstrate the effect of variation of the central angle sub-
tended by the shell for a particularcase of b = a. The actuatorneeds
higher control voltage as the value of the angle decreases. The pro-
posed method may be extended to the optimal control of laminated
cylindrical shells with other stacking sequences. The results may be
useful for the purpose of validating the other numerical models for
which the exact solutions are not possible.

Appendix: Coefficients and Parameters
The coefficients S;;, i, j=1, 2, 3, 4, and M appearing in
Egs. (23-26) and the parameters w?, and K. appearing in Eq. (27)
are given by

Sy = Allﬂf2 + Aﬁeﬂz, Si2 = (A2 + Age)a

Apa
Si3=— ; s Sis = —e31a, S = S
Ags + D Ay + D
Sy =< 66R2 66>a2+< 22R2 22)/32
S — {ApB + (D12 + 2Dge)a’ B + D B3}
23 = R
hyii +hy
Sy = — 14+ ——-
24 631{ 2R) }
S31 = Si3, S32 = 83

An

S33 = Dllﬂf4 +2(Dpp + 2D66)052ﬂ2 + Dzzﬂ4 + R?

Say = e3 {

=

1 (hyy +hy) (@ +ﬂ2)}
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S41 = 514, 542 = 524, 543 = 534
h,(a? + B2 1 _
544=—511{M+h— , M=m+1(*+p%
3 P
2 Es; —c1E3 —3Ex S31 — S3484
= ) Ey = ————
mn M S44
S32 — S Sp S33 — 834543
Eyp = ——/—, B=T <
S S
K — S3uCp/ab+ e By +caEyp o= E3Eyn —ExEp
c— = 5 T =
M E\WEyp— EyEp
= Cp(ESy — EnSiy) = E3Ey — ExEyy
2= ) S e
S4aab(Ey Ey — Ey E)) EpEy — EnEp
) = Cp(E1 S — EyS14) _ St — S14S4
4= ) n=———g
Suab(EnEsy — E Ey) S
Ep, = Sy — 514542’ E = Si3 — S14543
S S
E, = Sa1 = SuSa ’ Ey = S — $2S4
Saa Saa
Ey = S23 — 824543
Saa
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